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Summary. The electron propagator theory is presented with somewhat of a his-
torical perspective and the working equations are developed with the aim of taking
advantage of molecular point group symmetry. A new electron propagator code,
the vectorized electron propagator program (VEP), is introduced without full
details about its structure and capabilities (such details are being published else-
where). Applications to the (UV) photoelectron spectra of some donor—acceptor
complexes of borane with carbon monoxide and water are presented at the level of
second-order theory as an illustration of the theory and the VEP code.
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1. Introduction

Propagators gained early prominence in formal many-body theory of fermion
systems (see e.g. [1] and references therein). Concerns about the elimination of
unlinked terms in perturbation expansions and the associated correct scaling with
system size naturally led to the propagator concept. Treatment of double-time
Green’s functions [2] or, equivalently, propagators established that they provide
a useful link between quantum mechanical treatments of pure state systems at the
absolute zero and that of ensembles at finite temperature. Condensed matter
theory employed the propagator concept to great advantage (see e.g. the review by
Hedin and Lundgvist [3]) and propagator theory for finite systems [4-6] led to
new ideas for the treatment of molecular systems. A detailed treatment by Linder-
berg and Ohrn [7] of a variety of spectroscopies for molecular systems further
developed and applied propagators. Analyses in terms of perturbation theory of
the electron binding energies defined by the poles of the electron propagator were
done by Pickup and Goscinski [8]. The development of the electron propagator
theory was given a pedagogical treatment in the book by Jergensen and Simons
[9]. Schirmer et al. [10] introduced the so-called algebraic diagrammatic construc-
tion (ADC) of the perturbation expansions for the electron propagator. Many have
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contributed to the theoretical and computational advances of the electron propa-
gator and there is much current work going on, particularly in the study of
polymeric systems by Deleuze et al. [11], and it is impossible to give proper credit
to all here. This paper focuses on the electron propagator theory and its application
to molecular systems and gives some of the key references often forgotten in recent
work.

The electron propagator is naturally described in Fock space in terms of field
operators. Depending on only two electron position and spin coordinates and
a time or energy parameter it is in many ways the optimal theoretical quantity with
a dynamical equation from which it can be determined in various approximations.
It contains a wealth of information. Not only vertical electron binding energies
(lonization potentials and electron affinities) [12-14], but also electron scattering
amplitudes [15], photoionization intensities [13, 16], total energies [17, 18], one-
electron reduced density matrices [7, 19] and therefore permitting the calculation
of one-electron properties [20]. Derivatives of molecular electron binding energies
with respect to nuclear displacements [21, 22] have also been determined within
the electron propagator theory. Basically all properties of a molecule are contained
in the propagator. Thus electronic and rovibrational spectra [14] and the partic-
ulars of chemical bonding can be treated in terms of the electron propagator
[23,24].

Given a set of orthonormal spin orbitals {¢,(¢)} and the associated set of
electron field operators {a,, a}} satisfying the anticommutation relations (at equal
times)

la,,a,)- =[a},a}]+ =[a,,a}]+ —6,,=0 6))
the electron propagator matrix is defined with elements
ap(t) af(t')>y = —i6(t — ) <0 a, (t)af(¢')] 0)
+10(t' — )<0| al(t') a, (2)| 0> . 2)
Here
0(t) = J 5(r)dz 3)

is the Heaviside step function expressed in terms of the Dirac delta function, and
[0> is the N-electron ground state. Atomic units are used throughout so for
instance @ = 1 and the Heisenberg equation of motion for the field operators is

i%a,,(t) =[a,(t), H]-, 4)

where the commutator on the right contains the many-electron Hamiltonian
expressed in the basis electron field operators

1
4

The one-electron integrals involving the electron kinetic energy and the elec-
tron—nuclear attraction terms are

* 1772 ol Z"
=[5 o

Y. <pql rs)a}ajasa,. (5)

P.q,r.s

H=Y hpala, +
P

) ¢,(&) d¢ (6)
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and the antisymmetric two-electron integrals are {pq| rs) = {pq|rs) — {pq|sr>
with

{pqlrsy = | d¢, d52¢:(51)¢:(€2)+¢r(§1)¢s(62)' (7)
|71 — 72

The electron propagator is most commonly studied via its Fourier transform

(Kay; alyds = f

e o]

Lay(t); af(t)yy exp[ —iE(t — )] d(t — 1), (8)

which has the spectral representation [25, 7]

<0}a,|m) {m|a}|0)
m 2 [E Y E,N)—E.N+1)+11

<0]a}|m) {m|a,|0)
E—EN)+E N~1)—in |

showing the typical pole structure, when the energies are discrete as they always are
in a finite basis set. The energy eigenstates are used in this formal expression, i.e.

H|0) = Eo(N)|0),
H|m} = E,(N + D)]m) (10)

and only the N + 1 and N — 1 electron states are involved as intermediates in the
spectral representation.

It is obvious from the spectral representation that the electron propagator has
a special significance for photoelectron spectroscopy and other processes where
electron binding energies are measured. The numerator contains the so-called
Feynman-Dyson amplitudes

Kapafpye=li

+0

+ ©

fp(m) = <0|ap]m>a
gp(m) = {mia, |0}, (11)

which are obtained as residues at the particular poles of interest. These amplitudes
are important in the theoretical determination of transition probabilities for
electron attachment or detachment processes. For instance, the intensity of a par-
ticular structure corresponding to the final positive ion state m in a photoelectron
spectrum of a neutral species is proportional to the pole strength [12,13]
Iy = Zplgp(m)lz

The propagator in Eq. (9) satisfies the equation of motion

E{<ay; agyyp = <0|[a,, 4;1+10) + <K[ay, H]-; a}>>5

= <0[a,, ag1+10> + {La,; [H, af1->)5 (12)
which can be readily shown by using the identity
EE—x)"'=1+x(E—-x)""! (13)

with x = E_ (N + 1) — E4(N) or x = Eo(N) — E,,(N — 1) in the spectral repres-
entation and utilizing the properties (10) of the energy eigenstates. The two
equivalent forms of the equation of motion (12) are useful in manipulating the
chain of equations that obviously results when the corresponding equation of
motion is written for the propagator on the right, which involves the commutator
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with the Hamiltonian, yielding an even more involved propagator on the right
with, say, a doublé commutator [[a,, H]-, H]-, and so on. Approximate treat-
ments of the propagator equations include the termination of this chain of equa-
tions at some suitable level or assumptions that permit the summation of the
expansions. This so-called decoupling problem was addressed in its generality by
Linderberg and Ohrn [6] by linearizing the equation of motion. There has also
appeared discussions of truncation schemes expressed in terms of diagrammatic
expansions by Cederbaum and Domcke [14], the moment conserving decoupling
using Padé approximants as well as various renormalization schemes discussed
by Ohrn and Born [26], and decoupling procedures expressed in terms of super-
operators [27].

Although equivalent to other procedures the superoperator formulation
provides a particularly attractive shorthand notation. It proceeds by introducing
a linear space L of fermion-like field operators

L ={a},ala}a(p <q),a}afalaa(p<qg<rit<s), ..}, (14)
which supports a scalar product
(X|Y)=<0I[X",¥Y]:[0), X,YeL. (15)

The superoperator identify I and superoperator Hamiltonian A are defined on
L such that

IX =X,
AXx =[H,X]_. (16)
Iterating the second form of Eq. (12) yields
allal) (al|Hal) (a}|H%a
{ay; a$>>5=( ”JE ) { ”IEZ ) ”IE3 ) |
= (a}|(ET — H) 'a}), (17

ie. a matrix element of the superoperator resolvent. The full matrix can be
expressed as

G(E) = (a'|(ET -~ H)™'a") (18)

with the field operators arranged in a suitable row array on the right and column
array on the left.

Using an inner projection [ 28] manifold & € L the superoperator inverse can be
transformed to a matrix inverse

G(E) = (a'|h) (n|(E] — H)h)™ " (h|a"). (19)

This expression is the starting point for the approximate treatments of the electron
propagator.

2 Approximations to the electron propagator
Partitioning of inner projection manifold

The simplest decoupling of Eq. (12) is to consider the so-called moment expansion in
Eq. (17) and make the assumption that higher moments are powers of the first moment

F = (a'|Ha"). (20)
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This is often referred to as the geometric approximation. Denoting (¢'|a') = § the
moment expansion (17) becomes

G(E)~E ™ 'S[1+E"'S"'F+E %S 'FS™'F + -..]

= S(ES — F) 'S = (@'|(E] — H)a') ! = G,(E). (21)
The anticommutation relations (1) yielding
Spq = (a}lay) = <Ol[a,, a}]+10) =, (22)

and

F,, = (a}| Ha}) = <0|[a,, [H,a}]1-1-10)

= hyg +Z<Prllq5><0|alasl0> (23)

have been employed, where in the last expression F,, is a matrix element of the
Fock operator in the spin orbital basis. The single-particle reduced density matrix
has the elements

Yo = <0lala,|0) (24)

and can be diagonalized simultaneously with F to give occupation numbers {n,,
ie.yy = (n,» 8, and x'Fx = ¢ for some suitable unitary transformation x. Compar-
ing Eq. (21) with the formal spectral representation (9) it is possible to write

. y 1=y ],
GoralE) = lim 2. %, [E “e—m E-e i) =

For the case that the occupation numbers are 0 or 1 the reference state |0> must be
a single determinant in terms of the self-consistent field (SCF) spin orbitals

Xr = Z ¢p Xpr (26)

or equivalently expressed in terms of the field operators and the vacuum state as
N
10> = [T aflvac) =[] i*vac). (27)
i=1 i

In the following the electron field operators {a, = r} refer to the SCF spin orbitals
{%}. Tt then follows through Eq. (25) that at this level of approximation, the
occupied spin orbital energies must be identified with ionization potentials and the
unoccupied ones with electron affinities as is done through Koopmans’ theorem.

This is considered the lowest level of approximation and used as a starting
point for all higher-level treatments of the electron propagator. The SCF spin
orbitals and then also the corresponding electron field operators naturally separ-
ate into an occupied set labeled by i,j, k, ..., and an unoccupied set labeled by
a,b,c, ... Thelabels p,q,r, ... refer to either set.

The inner projection manifold 4 used in the expression (19) need only contain
fermion-like operators [29], i.e.

{h} = {h yo{hs}ui{hsiu -
= {a’f, i*}U{a“bTi, i*jfa}u{afbfc*ij’ i*jtkfab}u (28)
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and truncations of this manifold corresponds to various approximation schemes. It
is convenient to use an orthonormal set of inner projection basis elements [29] so
that (hlihl) = 1, and (h,|hj) =0fori #_]

A first step in seeking adequate approximation schemes for the electron propa-
gator is a partitioning of the inner projection manifold. When the aim is to obtain
a theoretical photoelectron spectrum it is convenient to choose the partitioning

h= {hl’f}a
[ ={hs}oihspo - (29)
such that Eq. (19) becomes
3 El —(a'|Ha"y —(a'|Af) ]1[1]
oB =t 0][ —(riAay Et-rian) Lo Y

The partitioned form of the inverse matrix yields
G Y(E) = E1 — (a'|Ha") — (@' |Af)[EL - (f|Hf)]™"(f|Ha")
= G; '(E) — Z(E), (31)

where the unperturbed propagator and the self-energy term have been defined to
show the relation to the so-called Dyson-like equation for the propagator [1]. An
untruncated manifold f means no approximation, only a reformulation of the
propagator equations. In order to arrive at a definite approximation and provide
algorithms for the calculation of the matrix elements defining the propagator,
a reference state and a truncation of the inner projection field operator manifold
must be chosen.

Choice of reference state

The Hartree-Fock or SCF single determinantal state |0)> = [HF) provides the
natural starting point for the choice of reference state at various levels of approxi-
mation. Although the electron propagator theory can be fully developed within
a perturbation theory framework with only the SCF single determinantal reference
state and choice of inner projection manifold [26] it is desirable to keep a balance
between the level of description of the reference state |0) and that of the inner
projection manifold £, Such a balance kept through various orders of perturbation
theory guarantees hermiticity of the superoperator Hamiltonian matrix and the
elimination of spurious terms [29]. Starting from a partitioning of the Hamiltonian
and thus also of the superoperator Hamiltonian

H = Ho + 5H,
HO = Z SPP*P,
p
0H = 3 <pqlrs)[Ep'q'sr — 6,{n>p'r], (32)
Pq,r,s

the reference state can be expressed in terms of Rayleigh—Schrédinger perturbation
theory (RSPT) [30, 9] or coupled-cluster (CC) theory. Also multiconfigurational
SCF (MCSCF) theory has been implemented [31] for the electron propagator
reference state. This treatise employs reference states based on RSPT and CC theory.
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The hermiticity problem consists of the equation
(X[AY)=(Y|HX)* (33)

not being satisfied for an approximate reference state or more generally for
a density operator

p=po+p+&p+ -+ (34)

correct through order n in perturbation theory. The average defining the propa-
gator matrices is then a trace, i.e.

(> =Tr{pe}. (33)
Since
CIXNIH, Y1210 — <YL IH X110 = [H X, Y 115D
= Tr{p[H.[X" Y].]-}
=Te{[p, H]-[X" Y].1-}  (36)

and since
[po, Hol-=0 37)
and
[0%p, Hol- + [0 'p,6H]- =0 (38)
are assumed to hold for k =1, 2,. . ., n, the error term is of order n + 1, ie.
(X|AY)—(Y|HX)* = Tr{[6"p,0H] - [ X", Y ].}. (39)
The Rayleigh-Schriodinger perturbation expansion for the reference state,
[O>rser = (1 + Ky + K7 + K3 + -+-)|HF), (40)
is defined by
Ky =YY kta'i, (41)
K,=Y 3 kifa'ibj, 42)
i>ja>b
and
Ky= Y ) kika'ib'jc'k, (43)

i>j>k a>b>c

with, in particular,

o Sijllaby
ki}7 = —W (44)
and
bellaiy iblljk>
k;.'=%[z< D“qf>k?,.—z< D“ kﬁ] 45)
Jbe i kb i
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The denominators are defined as
Di=¢—g¢, (46)
and
Dff =g +¢—8,—&. @n

The concept of order in the perturbation expansion of the electron propagator
ultimately means order in terms of the electron—electron interaction or equivalently
two-electron integrals. The inclusion of electron correlation through first order in
the reference state is achieved with the double excitation terms K, whereas also the
K, terms are needed for second-order corrections.

Coupled-cluster renormalization of the reference state

The coupled-cluster (CC) expression [32] for the reference state
|0>cc = ¢’ |HF) (48)
is defined by
T=T,+T;,+T3+ -+ + Ty, 49)

with N being the number of electrons of the system and

T, =Y Y ifati, (50)

T,=Y Y tatib'], (51)
i>jasb

Ty= Y Y tiatibjc'k, (52)

i>j>k a>b>c

and so on.

The T amplitudes contain infinite-order contributions to each excitation level
from the HF state. Thus, replacing the RSPT K amplitudes with the CC T ampli-
tudes may be considered a renormalization procedure since certain classes of
perturbation terms or diagrams are summed to infinite order [33, 34]. This idea
has already been employed in work on the polarization propagator [35, 36].

Details of the coupled-cluster approach

Expansion of the exponential in the CC method gives
|0>cc=[1+ Ty + (T2 +3T?) + - 1|HF)

= [1 +Y N efati+ Y Y tfatblj

i>ja>b

i

+ %(z z:w:-) (z zgm) + o } |HF, (53)
a j b
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where the last term can be rewritten as

%<; §t?a7i> <; ;r}’b*j) - igj [(gt?a*i) <§b:t,-bb*j>}

=3 3 [fepatiblf) + (e2egblia'f)],

i>ja>b
and since for the orthonormal basis of SCF spin orbitals,
btiatj = — a'ib'j,
the CC reference state becomes
03cc = [1+ Ty + (T, + 3T + - J/HF)

|:1+22t Qi+ T Y citatibh + --:||HF>,

i>ja>b
where

ab ab ach bea
TU = lj +t,tj —t,tj

405

(54)

(55)

(56)

(57)

Restricting the coupled-cluster expansion to single and double (CCSD) excitations,

ie.
[0>cc = [0)cesp = e TP HF),
the equations for the T amplitudes become [37]

T equation:

D%t¢ = Zt{’Fa,, Zt"Fﬂ + Zt“”F

-—Zt <Jalllb>——zt f{jalbe) — Zt Ckjllbiy,

lbc jkb

T, equation:

1
D¢t = (ijllab) + P(ab), Zt (Fbc —3 ztll:ch)
k
1
— P(ij) Ztsf’ <ij + 3 thch) + 3 YW
[4 kil

+ 3 ZTCdecd + P(ij)P(ab) ). (t Wise; — titi<kbl|¢j>)

ke
P(ij) Y ti<ab|l¢j> — P(ab) Y tilkblij),
4 k
where

Foy = Ztk<kall by —3 Zﬁ?f(kl lbe,

klc

Ztk<1k\|la> +5 Zf (Jklaby,

kab

(58)
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Fy = _Zti“<ij|| bay, 63)
Wiaij = <kl > + P(if) Zt Ckllliay + Zn”(kl laby, (64)
Wabea = abllcd) — P(ab) Zt ailed) += Zz,”(yucd), (65)

and

Wisej = <kaCJ>+Zt Ckb|lcay — Zt Ckillej>

= 2. G + tfel) (killead. (66)
ia
The effective two-particle excitation operators 7 and 7 are
T =t 4 tft] —the] (67)
and
T = o)+ i) — the)), (68)

respectively. In the above equations, P(y) and P(ab) denote the permutational
interchange operatlons

The k coefficients in the RSPT expansion can be obtained from the couple-
cluster ansatz through iteration of the T equations. For instance, the first iteration
of the T, equation gives K,, that is,

ij || ab
= e = 122 (69
which, when applied in the T; equation, yields
<ajlibey {Jjkl[iby ]
= tf(1 t(1) — - “b 1 70
( ) 2[:‘,21’; Da J ) J%;; Dl ( ) ( )

Consequently, it is possible to write reference states for the electron propagator
approach as expansion coefficients of the perturbation theory or as converged
T amplitudes from the solution of the couple-cluster equations.

Also, in comparing the RSPT and CC wave functions, it is clear that

[O>rspr = (1 + Ky + K3 + --+)|HF)

I
10>cesp =(1+ T+ (T, + T{/2) + - )|HF)
U
CC—EP < RSPT-—EP
f

tf ekt

r:‘}’ - k?f’ . (71)
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From the definition of the spectral representation (9) it follows that the elements
of the electron propagator matrix G(E) become infinite when E equals an electron
binding energy. Then, the elements of the inverse G~ !(E) vanish at such an energy.
This result can be used to devise iterative methods to find the electron propagator
poles and residues at a given level of perturbation expansion.

Order analysis

Truncation of the inner projection operator manifold fand the use of RSPT for the
reference state based on the so-called Maller-Plesset partitioning of the Hamil-
tonian as expressed in Eq. (32) facilitates an order analysis of the electron propaga-
tor. In particular, the self-energy (see [30]) and consequently properties as e.g.
electron binding energies and the one-electron reduced density matrix can be
calculated to a given desired order of electron correlation or electron interaction.
Starting from the inverse propagator matrix as given in Eq. (31) and using
a shorthand notation the following expression is obtained:

G~ Y(E) = Ru(E) — R, R/ (E)R,, (72)
where
R.(E)=(a'|(E] — H)a') = E1 — H,,
Ry = (a'\(ET1 — H) f) = — H,j,
Ry =(f|(ET1—H)a')= —H;, = — H}y,
Ryf(E) = (fI(EI — R) f) = E1 — H/. (73)

The RSPT expression for the reference state then permits the expansion
Ry=— ) Hy (74)
i=1

where the fact that H{} = 0 has been used. Together with corresponding expan-
sions for the other matrices this gives an expression for the inverse electron
propagator matrix through order n as

n ny . n, \~ 1 n ) (n)
woo-sz- g [(3m)(Em) (3] o0

i=1
The first-order propagator vanishes and the lowest-order expressions are obtained

by calculating the various matrices to specific orders and by choosing the operator
manifold f as follows:

n=2:>n1=1a n2=0; f=h3a

n=3=n=2 ny=1 f=h;s,
n=4=n =3 n;=2 f=h3Uhs, (76)

which will be further elaborated in the following sections.
Obviously the inversion of the very large matrix R, (E) is one of the difficult
problems that has to be addressed. An inversion could be performed by employing

a reduced linear equation (RLE) scheme [38] but rapidly becomes impractical with
increasing basis sets. A number of approximate treatments have been proposed
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[12, 39, 407 with varying success. The order concept can be preserved with the
identity
1

R;ME) = <R<°> + Z R‘")
R =R 1< Y R“’)(R(°)+ Y R“’) 1 (77)

i=1

which can be iterated and truncated [41, 42, 12].

Method of solution

The general expression for the element
Gp(E) = (a,|(ET — H) ' a,) (78)

of the electron propagator matrix G(E) is symmetry blocked, where each block is
formed by the spin orbital indices p and ¢ belonging to the same irreducible
representatlon of the orbitals. In addition, the electron propagator matrix G(E) is
spin blocked. Therefore, it is sufficient to solve separately the electron propagator
equations for each symmetry and spin block pq.

For a given block and energy E it is possible to construct the matrix

W(E) = E1 — G™}(E) = E1 — (Ro(E) — H,y R} (E)H]y)
= E1 — (@"|(E] — H)|a") — H,/R}} (E)H];)
= E1 — (E1 — H,o — H,/R; H(E)H]))
= H,, + H, R; (E)H}y, (79)

which allows the expression

(1E — W(E))G(E) = 1. (80)
This shows that the diagonalization
[ 2(E) 0 ]
U'W(E)U = A(E) = : /y(E)
0 In(E)
= UT( aa + RTbRbb (E)Rab) (81)

is important, with n being the dimension of the symmetry pg block, and the
eigenvalue corresponding to the spin orbital of interest (p) should be the pth pole
(E,) of the electron propagator matrix. This eigenvalue can be used as the next
guess for an iterative search of the pth pole or used to obtain a guess for
a Newton—Raphson procedure. Since the derivatives of W(E) with respect to E
can be evaluated analytically, a Newton~Raphson procedure can be efficiently
employed to calculate the next guess for E, so that, usually, after three or four
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iterations the difference between the input E and the eigenvalue is less than
1073 Hartree.

Layzer {43] treated such (in general non-hermitian) eigenvalue problems.
When

U(E)={U,}, p=12,..,n, (82)

is the eigenvector of W(E) corresponding to the eigenvalue 4.(E) and U*(E) is the
eigenvector of W' corresponding to eigenvalue A*(E) the expansion
Up(E}UZ (E)

r

(83)

follows. The types of possible solutions have been discussed by Csanak et al. [15]
and details have been explored by Purvis and Ohrn [12]. The pole of interest E, is
found when

E, = }(E,) (84)

and within a finite basis the E, are real and discrete. Elementary residue calculus
gives

EILIQR = [(E - Er) qu(E)] = Fr Upr(Er) th (Er), (85)
where
dA,.(E)
Ir=|1-
, [ = } (86)
is the pole strength introduced earlier. The resulting expression
LLU,(E) U, (E,)
Gp(E) = Z ﬁ"m—— ®87)
can then be compared to the spectral representation (9) to find
<O]ap!r> = rr1/2 Upr(Er(N + 1) - EO(N))s
<r|ap|0> = Frl/2 Upr(EO(N) - Er(N - 1)) (88)

The Feynman—Dyson amplitudes directly associated with the various electron
binding energies are then

1PMEY = X 1O Uph(EN T 89)

in terms of the canonical molecular SCF spin orbitals.
The relationship of these amplitudes to the electron propagator

G(& & E) = Yyt ¢ e L)
. (&) fX (S
= WETOZ,: E+EqN)—EN + 1)+ in
gr(&) g.(&") J
E_EsN)+E(N—1)—iz

+ (90)
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defined in position and spin coordinate space becomes obvious from the ex-
pansion

D WHELMG) (01)

of the fundamental electron field operators (&, t) and their adjoints in the basis.
The Feynman—Dyson amplitudes then are of two kinds associated with the elec-
tron attachment processes and with electron detachment processes, respectively
(compare Eq. (11)):

JAE) =2 1, (©)O0laplrd = Y 1, () U T2,

9:8) = X 1) <rlapl0) = ¥ 1, Q) U, [}, (92)

Solution scheme

1. Choose r.

2. Get block pg.

3. Get guess for E,.

4. Construct W(E) = H,, + H,;R; HE)H],.

5. Diagonalize UW(E,) = A(E,)1.

6. Get the eigenvalue A, associated with r.

7. Set EQ, = 4,.

8. Get new guess (Newton—Raphson):
-1

Eivi= B~ G™\(E) / (aG D) . 3

aE E=E;

9. |E;— E;i-1| <1075 72
a. ?7yes = Pole = E;
b. ?no = go to step 3.

Order analysis of the propagator matrices

Second-order electron propagator. In the following, subscript 1 refers to the &, = a'
part of the field operator manifold and subscript 3 to the h; part and so on.
Through second order the inverse of the electron propagator matrix then becomes

GGy (E) =RY) — HY(RYJ(E) ™ (HE)', (94)
where
ROV E)pg = (E — £,) 6y,
(Hila))p,abi = (piliab),
HDpija = {pallijy,
(RNE)api,ca; = (E + & — 85 — €5) 0004035,
(ROVEijap = (E + &, — & — £))0u0 ;105 (95)
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The second-order self—energy matrix then has the elements

{pilab)<ab| qi> Cpalliy <ijllqa>
(2) 2 Wt EVAYA K24
(&2 (Epy = 2,’ale+8—-—8a—8b +2,§HE+£a—£i—sj

; (96)
where the factor of 1/2 comes from the relaxation of the ordered indices.

Third-order electron propagator. A similar treatment through third order yields
[41, 44, 30]

G} (E) = G5} (B)
+ HE) — HE3(RSE) ™ HYREY(E) ™ (H{)

— H{(RYY(E) ™ (H ﬁ%’)* — HE(RYNE) ™ (H{D), O
where
(HD)pa = 3 Cpallbays = £ <pil sy + X (1 + Plia) Cpillgarks, (9
with
Kap = z z kack?j’
-T 3 iy ©9
! a>b

and where P(ia) is the permutational interchange operation. The second-order
matrices are

(HR)avip = Y, <iplimn ki + (1 — P(ab)) Z pclimay ki,

m>n

(HR)ijap = 2. <apllbeykif + (1 — P() Y, {pmliciy ki, (100)

b>c

and the first-order diagonal terms are
(H$Y apicaj = 0yy<ab cd) — 6,.<bjlldiy + daa<bj] ci)
+ 0uc{ajlldi) — 6palajllci),
(HEY)ijagap = Oap <G [ KLy + 3 jbllla)y — 84 jb| ka)
— 8y ib||lay + 6;<ib| ka), (101)
Fourth-order and partial fourth-order electron propagator. Without including the
operator manifold #5 the full fourth-order propagator matrix can be expressed as
Gay (E) = GGy (E) + H{Y — HE(RG(E) ™ HY'
— HYRQUE) T HE — HERB(E) ™ HY'
— H{Y(RSYE)) ™ HE(RG(E) ™ HF
— HE(RS)(E)) ' HERY(E) ™ HY
— HERE) HERI(E) ™" Hi
5

Dt
3
— HY(R)(E) ™ ' HY (RSI(E)) ™ ' HY:

YT (RSI(E) T HY" (102)
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It is generally more important to include the contributions from the k5 manifold
before increasing the order of the expansion [39] and one therefore finds it
justifiable to study the electron propagator through what has been coined the
“partial fourth-order” [23, 40], where only the terms formed from the matrices
already obtained in third order are retained.

Density matrices and many-electron wavefunction

The first-order reduced density matrix or the one-matrix can be calculated from
Eq. (90) as

7€) = O EWEI0y = —i lim (W& By )

— (ni)! L @@L dE,  (103)

where the contour C consists of the real axis and a semicircle in the upper half of
the complex E-plane (see [7]). Residue calculus yields

7€1E) =Y 9. gk (&), (104)

which can be compared to the equivalent definition

P(€1¢) = NJ(Po(é,él,fz, SIS 1 (S SNSRI S s [ ST T

(105)

in terms of the ground state N-electron wavefunction &, Introducing the complete
set of (N — 1)-electron states @,, satisfying

Y8 (X)PHX) = (X — X) (106)
with the compound coordinate X = (¢, &,, ..., Ey—y). Then
y(E|E) =N Jﬁl’o(é,X)@‘(X)‘Pﬁ(c”, X)o,(X')dX dX’ (107)

and we can identify the Feynman—-Dyson amplitudes with the so-called overlap
amplitudes

6,(&) = NP2 f Bo(&, X) BF(X) dX. (108)

Obviously, if both wavefunctions in Eq. (108) are single determinants differing
in one spin orbital, that spin orbital will correspond to the Feynman-Dyson
amplitude, while for correlated wavefunctions the amplitudes are more gen-
eral. In addition to being important for describing intensities in photoelectron
spectra Feynman—Dyson amplitudes are also relevant for (e, 2e) experiments (see

e.g. [45D).
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Photoionization intensities

The electron propagator can be used to calculate total energies, excitation energies,
and one-electron properties in general. However, it is perhaps most useful in the
study of photoelectron spectroscopy. In addition to the electron binding energies it
can also be used to obtain estimates of photoelectron intensities.

The differential photoionization cross section, i.e. the probability that the
systems absorbs one photon causing a transition from the ground state with
wavefunction |0) = @, to an excited state |r) consisting of a bound ion state with
wavefunction |N — 1,7) = @, and an electron escaping into the solid angle d@
with wave vector ky, is

da,
dQ 2‘;tc{A0|2
The vector potential of the monochromatlc radiation field is A(7) = Aofie® 7 with

polarization vector # and frequency w. The approximate form of final (antisym-
metric) state wavefunction,

[r> = OAle/ZU(Ef, EN D (E1,8, - En-y) = OASNI/ZU(TC‘fa ¢y @,(X), (110)

contains a photoelectron amplitude v, which should be a Feynman-Dyson con-
tinuum amplitude, but for a molecular system one usually has to settle for an
assumed form. The antisymmetric projector is

Ous = [ z PkN] (111)

with the simple interchange permutations P,y of electron labels. This form of final
wavefunction permits us to write

{r| Z A7)V, 10> (109)

N
o1 Y @) T10> = [0, ) A Vo8¢

n f (&, €)pr() dé, (112)
with
P& = (N — NP J@:*(X)Z(m-vlcbo(x, 9 dX. (113)

The second term vanishes if v(kf, &) is strongly orthogonal to &,, which can be
accomplished by making v(k 1+, €) orthogonal to the bound state basis. But even
when strong orthogonality does not exist the second term is small for photo-
electron energies far from threshold.

Retaining only the first term on the right of Eq. (112) and averaging over
all incident photon directions relative to the fixed molecular frame and over the
polarization directions assuming a random orientation of the molecules as in
a gaseous sample and for unpolarized light, Eq. (109) becomes

2
dor _ ks f o, 1)V g,0) &F

- (114)
dQ 3ncw

To obtain this result also the dipole approximation was invoked, i.e. e* 7"~ 1and
multiplication by a factor 2 done to account for the two possible spin states of the
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gjected electron. The choice of a plane wave, an orthogonalized plane wave, or
a Coulomb wave for v(k, ¢) has been tried with varying success depending on the
system and the photon energy [16,46]. The orthogonalized plane wave choice
seems to work reasonably well for the detachment of an electron from a negative
ion leaving a neutral species. A plane wave is convenient, but not particularly good
under any conditions. It results in [26]

dO'r _ kf 3 2
dQ  3mcw IPrI%
P, = —ik;2m)"%2 Y ¢, e~ ke je—i"’f,.;qsp(?) dr, (115)
»4q

where the Feynman—Dyson amplitude has been expressed as a linear combination
of atomic orbitals (GTOs) {¢,}

gr(?) = Z (bp(? - ﬁq) Cpr- (116)
p.4q
The total cross section is given by integrating over all photoelectron directions
k -
a,=—fJ|P,|2dQ. (117)
3ncw

Sometimes the ratios of pole strengths are used to predict relative intensities of
structures in a photoelectron spectrum and that can work for peaks of not too
disparate photoelectron energy.

The Vectorized Electron Propagator (VEP) program

Approximations to various orders in perturbation theory of the electron propaga-
tor have been implemented in the Vectorized Electron Propagator (VEP) program.
Poles and associated pole strengths are computed. This code is designed to be
efficient by minimizing the number of floating point aperations and by exploiting
vector and parallel features of modern hardware. This is accomplished by avoiding
redundant calculations through the definition of appropriate intermediates and by
using symmetry wherever suitable.

The VEP code exploits the spin and point group symmetry to block the
matrices from which the propagator matrix is built. Direct product decomposition
(DPD) is used with a scheme that avoids redundant symmetry checks before each
contraction. This procedure makes the code adapted to take advantage of parallel
architectures.

Another feature of the VEP program is the possibility of a renormalized
treatment of the reference state of the propagator via the use of CC amplitudes as
well as the standard MBPT amplitudes. This is accomplished by interfacing the
VEP code with the ACESII program system.

The DPD scheme. Efficient evaluation of matrix products necessary for the elec-
tron propagator calculations can be exemplified by a contraction

Q=TxW. (118)
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The indices of the matrices can be divided into two categories, on the one hand the
“target indices” ty, t,, ..., which label the matrix Q@ and the “common” indices
¢y, €2, ... over which the contraction is performed. The target indices can further
be divided into those which Q shares with T and those which it shares with W,
such that

Q™ i) = Y Tury,eWeaw)- (119)
Each element of Q, T, and W vanishes unless the direct product of the irreducible
representations of all indices labelling the quantity in question contains the totally
symmetric representation. For Abelian (sub)groups this requires only the following
conditions to be fulfilled:

Fe(THRTtATH® - =T't,(W)RT(t,(W)® -
Fg(THRTIt(TH® - =T(c)®@I'(c2)® -
Fe)@I(c))® - =THW)RT (W) - (120)

The details of the computational strategy as to storage of the data structures, the
manipulation in core memory, the functionality of various subroutines, etc. are
reported in a separate publication [47].

3. Results

The photoelectron spectroscopy (PES) offers techniques to study the electronic
structure of atoms and molecules including transient and unstable species. This
makes it a powerful tool to study reaction mechanisms in gas phase and on
surfaces. PES has been used, for instance, to elucidate the electronic structure of
donor—acceptor (DA) complexes.

As an illustration the electron propagator program VEP is used to calculate the
main peaks of borane (BH3) with donors such as H,O and CO. These simple
applications are limited to a second-order treatment of the electron propagator
(EP2).

Monomeric borane has a very short lifetime, but is a strong Lewis acid and may
be stabilized by forming complexes with Lewis bases [48]. BHj; resembles
a transition metal atom in a low oxidation state, in the sense that it can form
complexes with, say, carbon monoxide and phosphorous trifiuoride having negli-
gible basicity. It has been suggested that the complexes of BH; with CO or PF; are
formed via a n-type delocalization of the BH; e-orbitals into unoccupied CO and
PF; orbitals. The study of systems such as BH; - CO and BH; - H,O may provide
experience as to the reliability and suitability of the electron propagator as a
tool for analyzing PES experiments on heterogeneous catalysis, for instance, CO
chemisorption and reactions (methanol synthesis) on low oxidation state d*°
transition metal oxide surfaces, such as ZnO(1010) and also CuCl(111) [49].

Molecular geometries

The electron propagator program is implemented in the ACES II program system
[50]. All calculations presented were performed on an IBM RS/6000-580. The



416 R. Longo et al.

Table 1. Optimized geometries at the MBPT [2] level with pVDZ bases. The notation H, means that
the proton lies in the symmetry plane of the C, point group

Complex Point group Geometrical parameter MBPT [2]/pVDZ Experimental

HB:CO G, BC 1.565 A 1.540 A
co 1144 A 11314
BH 1217 A 1.194 A
CBH 103.8° 104.2°
H,B-OC  Cs, BO 2585 A
felo) L147A
BH 1203 A
OBH 90.9°
H,B'OH, C, BO 1730 A
OH 0963 A
BH and BH, 1214
OBH 100.6°
OBH, 103.7°
H.B Ds, BH 1203 A
co Cov co 11474 1128 A
H,0 Ca, OH 0.964 A 0.958 A
HOH 102.0° 104.5°

Table 2. An FRS is a “factor of reduction due to symmetry” of cpu time used. The
VEP code in the ACES II program system achieves for this case a factor of more
than 10 speed-up in the execution of the code

Molecule Size of basis Point group Achieved FRS
BH, 72 C, 10
Ca, 10.3

basis sets are correlated consistent pVDZ [51], which consist of (9s4p1d/[3s2pld]
for first row elements and (4s1p)/[2s1p] for hydrogen. All structures are optimized
at the RHF/MBPT [2] level of theory. The results are listed in Table 1.

Symmetry

The effects of molecular symmetry on the performance of the code is illustrated
by calculating the PES of BH; at the EP2 level in the pVTZ basis, ie.
(10s5p2d1f)/[4s3p2d1f1//(552pld)/[3s2pld] in the maximal Abelian subgroup
C,, and in C,. The theoretical factors of reduction (in computing time or total
number of floating point operations) due to symmetry (FRS) have been defined
[37] and is found in many cases for total energy calculations using the CCSD
(coupled-cluster singles and doubles) level of theory to be close to the symmetry
group order square. As displayed in Table 2 the present calculation does not quite
reach that efficiency improvement with the symmetry treatment, but still a respect-
able reduction in computing time is achieved.
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Donor-acceptor PES

The photoelectron spectrum with a UV source (UPS) of H3B- OH, calculated at
the SCF (Koopmans’ theorem) and the EP2 levels are compared to experimental
results [52] in Table 3.

Due to the hydrolysis of diborane the experimental investigation of the
H,;B-OH, complex is difficult [48] and introduces some uncertainty about
whether the observed features in the HeI spectrum really is due to H3B+-OH, or
something else. The agreement between the calculated (EP2) peaks and the UPS
spectrum is as expected except for the observed feature at 14.4 eV. This is not
consistent with the theoretical result, but before suggesting that this feature might
not be due to H3B - OH, the electron propagator calculations have to be carried to
the third or partial fourth order and also a larger basis used.

Comparison of Koopmans’ theorem and the EP2 results with experiment for
the H;B - CO complex is presented in Table 4.

Similar calculations are carried out for the H3B - OC complex and are reported
in Table 5.

There is definitely a better agreement between the calculated and the observed
PES for H;B- CO than for H3B-OC indicating the discriminatory power of the
electron propagator theory even at this primitive level.

In conclusion one can again reaffirm what has already been established by
many workers in the field, namely that the propagator theory is an appropriate and
practical approach to the interpretation and prediction of spectra. The results
presented here also show that in order to contain truly quantitative agreement with
experiment it is necessary to consider electron propagator theory at the third and
partial fourth order and to also be able to accommodate larger basis sets.

Table 3. Electron propagator poles at the SCF at the SCF level (Koopmans) and at the EP2 level are
compared with experiment for the H;B-OH; complex

Assignment Koopmans (eV) EP2 (eV) Experiment
(pole strength) UPS (eV)

n(B-H) 7a’ 113 10.5 (0.93) 9.7

n(B-H) 7a’ 11.8 11.1 (0.94) 10.6

o (B-0) 6a’ 15.6 13.5 (091) 11.8

n(0) 5a’ 16.4 14.2 (0.90) 132

n(0) + ¢ (B-0) 4a’ 20.7 18.6 (0.89) 14.4

Table 4. Electron propagator poles at the SCF (Koopmans) level and at the EP2 level compared with
experiment for the H3;B-CO complex

Assignment Koopmans (eV) EP2 (eV) Experiment UPS (eV)
(pole strength)

2e (B-H) 12.8 11.9 (0.92) 11.9
6a, (B~C) 15.1 13.9 (0.91) 14.1
le (C~O) 18.6 17.1 (0.87) 17.0
5a, (CO) 21.6 18.1 {0.85) 18.5°

* Adiabatic ionization energy
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Table 5. Comparison of the electron propagator poles at the SCF (Koopmans) level and at the EP2
level with the same UPS spectrum as in Table 4

Assignment Koopmans (eV) EP2 (eV) Experiment UPS (eV)
(pole strength)
2e (B-H) 13.2 12.6 (0.94) 119
6a; (B-C) 153 14.0 (0.92) 14.1
le (C-0) 175 16.3 (0.89) 170
5a; (B-H) 18.7 17.5 (0.92)
18.5*
4a, (C-0) 22,5 19.0 (0.86)

? Adibatic ionization energy
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